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Optimal Control Law for Interplanetary Trajectories
with Nonideal Solar Sail

Guido Colasurdo* and Lorenzo Casalino’
Politecnico di Torino, 10129 Turin, Italy

An indirect method is applied to minimize the trip time of interplanetary and escape missions using solar sails.
A flat sail and specular reflection of the incident radiation is assumed. The theory of optimal control provides the
equation that gives the optimal orientation of the sail at each point of the trajectory. An analytical solution can be
obtained in the ideal case (unit reflectivity) when all of the incident radiation is specularly reflected. The equation
is numerically solved when the incident radiation is partially absorbed (nonunit reflectivity). Once the reflectivity
has been assumed, the optimal trajectory only depends on the sail characteristic acceleration. The optimization
procedure has been used to estimate the performance of different missions; the influence of the sail reflectivity is
in particular pointed out. Transfers to Mars and Mercury and escape from the solar system are presented.
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Introduction

SOLAR sail consists of a large surface of light and reflective

material, for example, a metallized plastic film, supported by a
suitable structure. Solar radiation pressure interacts with the sailand
producesthrust. Propulsion by means of a solar sail does not require
propellant,and the propulsionsystemis completely reusable. On the
other hand, the thrust that can be provided is limited, and large sails
are required to keep the trip time reasonable. In the case of an ideal
sail, the maximum thrust per unit sail area is twice the radiation
pressure, which is approximately 4.5 N/km? at 1 astronomical unit
(AU) and varies with the inverse of the squared distance from the
sun. The sail mass is the penalty which reduces the payload. NASA;
the National Oceanic and Atmospheric Administration; the U.S.
Department of Defense; the DLR, German Aerospace Research
Center; and ESA are presently considering the solar sail in their
technologydevelopment programs. According to the sail areal den-
sity, different missions can be performed, for example, missions to
the interior planets, asteroid rendezvous, and missions to Mars and
toward the exterior of the solar system.

The orientation of the solar sail relative to the sun-sail direction
determines the thrust magnitude and direction. The magnitude is
maximum when the sail is perpendicularto the radial direction and
is reduced when the sail is rotated to obtain a tangential compo-
nent of the thrust. Because of the low thrust, the spacecraft velocity
is usually almost circular, and the radial component of the thrust
is often useless to vary the spacecraft energy; a compromise be-
tween thrust magnitude and useful orientation must be sought, and
a complex optimization problem arises. In the ideal case (specular
reflection and unit reflectivity), the sail specularly reflects all of the
incidentradiation. Forward! has discussed the effects of the optical
properties of realistic solar sails. In particular, part of the incident
radiation is transmitted through the sail, part is reflected backward,
that is, toward the sun, part is diffused, and part is absorbed and
emitted from both sides of the sail. The properties of the sail in-
fluence the thrust magnitude and direction: The thrust magnitude
decreases if the reflectivity is reduced, and a reduction of the sail
reflectivity tends to tilt the thrust direction radially, in comparison
to the ideal case.

The trajectory optimization of solar sails with unit reflectivity has
been frequently addressed in the literature. Different kind of mis-
sions have been considered, and a short and rather incomplete list
of references’® is given here. Sauer® applied the theory of optimal
control to calculateinterplanetarytrajectories for an ideal, perfectly
reflecting sail. Wood et al.’ have discussed minimum-time helio-
centric transfers between the Earth’s and Mars’s orbits, which are
assumed to be circularand coplanar. Subba Rao and Ramanan* have
optimized the transfer between elliptical orbits of an ideal sail, by
the use of the angular position as the independent variable. Sauer’
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hasrecently presented three-dimensionaloptimal trajectoriesfor es-
cape from the solar system and solar polar missions. McInnes® has
analyzed the optimal trajectories to Mars using the compound sail
that promises better performance than the classical single-reflection
sail. Nonideal sails have been rarely considered. Some peculiarities
of the optimal trajectories for real flat sails are marginally presented
by Sauer’ in a paper where he compares different propulsion op-
tions to intercept Halley’s comet. Cichan and Melton® presented a
direct optimization method for a nonideal billowing sail that takes
into account the finite dimension of the sun.

In the present paper, the theory of optimal control is applied to
provide the optimal control law (i.e., the equation that gives the
optimal orientation of the solar sail at each point of the trajectory)
when the sail reflectivity is not unit and the absorbed radiation is
eventually emitted in equal amounts from both sides of the sail. An
analytical solution can be obtained in the case of unit reflectivity,
whereas the equation that provides the optimal sail orientation is
numerically solved for lower reflectivity. In the latter case, zero-
thrust arcs may be necessary to avoid any adverse radial component
of the sail thrust when the spacecraft moves toward the sun. The
optimaltrajectoriesof ideal and nonidealsails and the corresponding
control laws are compared for missions toward either inner or outer
planets and for the escape from the solar system, to estimate the
penalty related to the nonunit reflectivity of the sail.

Equations of Motion

For the sake of simplicity, a flat sail is considered, and spacecraft
motion in the ecliptic plane is also assumed. Coplanar circular orbits
are assumed for the planets. The sail is hit by the solar radiation and
reflects a fraction n of the incident radiation. The sail orientation
angle o, which is the angle between the sail and the local horizon,
or, equivalently, the angle between the sail outward normal and the
radial direction (Fig. 1), is the problem control variable. Angle « is
positive when the sail is rotated in accordance with the motion of the
Earthon the ecliptic plane, which is assumed to be counterclockwise
inFig. 1;admissible valuesfor o range from —90to 90 deg. Specular
reflection is supposed, and the angle between the reflected radiation
and the sail-sun direction is 2. The momentum flux, which is as-
sociated with the radiation, is the ratio of the power flux to the light
speed. The change of radiation momentum produces the thrust on
the sail, and the corresponding thrust density is the vectorial dif-
ference between the incident and reflected momentum flux. The
acceleration of the sail, which is produced by the solar radiation in
the radial and tangential directions, can be easily obtained:

a, = pAcosa(l + ncos2wa)/m (D)
a, = pAcosansin2a/m 2)

where m is the spacecraft mass and p is the incident momentum
flux (usually referred to as the solar radiation pressure), which is
inversely proportional to the squared distance from the sun. The
acceleration obtained when the sail is oriented normal to sunlight
(@ =0) at 1 AU, where the solar pressure is p; =4.55682 N/km?,
is defined as the characteristicaccelerationa, =2 p; A/m. Note that
the presentanalysisis still valid if part of the solarradiationis either
transmitted through the sail or reflected backward, but the radiation

horizon

sail

incident radiation 1Y
from the sun

200

np
reflected radiation

Fig. 1 Solar sail operation.

pressure and the sail reflectivity must be corrected taking the op-
tical properties of the sail into account. On the contrary, different
equationsapply if a portion of the incidentradiationis reflected dif-
fusely or the absorbed energy is radiated in different amounts from
the frontside and the backside of the sail.

Throughout, the variables are normalized using the radius of
Earth’s orbit and the corresponding circular velocity as the refer-
ence values. When the sail positionis expressedin polar coordinates
(r and 6) and its velocity is expressed as components in the radial
and tangential directions (# and v, respectively), the equations of
motion are

F=u 3)
0=nv/r )
i=v/r —1/r* +a,cosa(l + ncos2a)/(2r*) 35)
v = —uv/r + a, cosansin2a/(2r?) (6)
where a. is now the nondimensional characteristic acceleration.

Trajectory Optimization

The theory of optimal control is used to determine the control
law to accomplish an assigned mission. The goal of the procedure
is the minimization of the trip time 7,; the problem is changed
into a maximization problem by introducing the performance index
o=—1,.

An adjoint variable is associated with each state variable and the
Hamiltonian is defined as

H = Au+ dov/r + 2,021 — 1/r) — Auv/r
+a,/@2r*) cosa[r, (1 + ncos2a) + A,n sin2a] 7

The derivative of the adjoint variable which is associated with a
generic variable x is provided by the Euler-Lagrange equation

- oH @)
X ax

The full set of adjoint equations is omitted for the sake of con-
ciseness. The application of the theory of optimal control produces
a boundary value problem (BVP) for the state and adjoint vari-
ables. The BVP, which is presented in the following, is solved by
means of a numerical procedure based on Newton’s method (see
Ref. 9). Tentative values are assumed for the unknown parameters
and are progressively corrected to satisfy the prescribed boundary
conditions.

Optimal Control Law

Pontriagyn’s maximum principle states that the optimal control
maximizes H overthe setof admissible values. The adjointvariables
A, and A, are the radial and tangential components, respectively, of
the primer vector'® Ay, which is the adjoint vector associated with
the velocity vector. By introducing the angle 8 between Ay and
the radial direction [where B ranges from —180 to 180 deg and is
positive according to the same rule as for o (Fig. 1)], one obtains
A, =Aycos B and A, = Ay sin B, and the Hamiltonian is rewritten
as

H = u+ Agv/r +Au(v2/r — 1/r2) — Ayuv/r

+a.hy /(2r*) cosafcos B(1 + 1 cos2a) + 1 sin Bsin2a]  (9)

The maximization of H with respect to the control variable « is
equivalently accomplished by maximizing the simpler function:

H'(a) = cosa[cos B(1 + ncos2a) + n sin B sin 2a] (10)

The angle o thatmaximizes H' must have the same sign of § because
H'(a) — H'(—a) =2ncosa sin 8 sin 2« would be negative in the
oppositecase. Figure 2 shows the typical behaviorof H' for different
values of B (not to the same scale); positive values of « and 8 are
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Fig. 2 Typical behaviors of the function H’ for n=0.5.

considered because H' (¢, B) = H'(—«, —f).
After Eq. (10) is rewritten as

H' = cosa[cos B+ ncos(B — 2a)] (11)

the local maximum of H' is found by nullifyingits partial derivative
with respect to «. One obtains

—sina[cos B+ ncos(f —2a)]+2ncosasin(B —2a) =0 (12)

By recognizing that
sin(B — a) = sinfa + (8 — 2a)]

= cosa sin( — 2a) + sina cos(f — 2«a) (13)
one obtains

—sina cos(B8 — 2a) = cosa sin( — 2«)

— cosa sin B + sina cos B (14)

which is substituted into Eq. (12) to provide, eventually,
sin(f — 2a) = [sinB + (1 —n)/ncosBtanw]/3 (15)

Note that H' =0 for « =390 deg but that the local maximum
corresponds to H' <0 when B is sufficiently large (Fig. 2d). The
limit value cos 8 = —n corresponding to a local maximum H' =0
(Fig. 2c¢) is found by nullifying Eq. (10) and combining it with
Eq. (15). The related sail orientationis « = /2. When cos > —n
(Figs. 2a and 2b), the optimal control is provided by the numer-
ical solution of Eq. (15); Newton’s method can, for instance, be
adopted, when the solution that corresponds to n=1 (i.e., ideal
sail or unit reflectivity), thatis, « = [ — sin_l(% sin 8)]/2 is used
as the starting guess. On the contrary, when cos 8 < —7, then H’
is maximized for & =90 deg, that is, the sail is edge-on with the
radial direction and provides no thrust. Therefore, coast arcs may
appear in the optimal trajectory of a nonideal solar sail. This impor-
tant conclusion was first reached by Sauer’ using a similar indirect
approach.

Boundary Conditions

The problem is completed by the specification of the boundary
conditions. Simple missions are considered to pay attention mainly
to the aspectsrelated to the sail characteristics.Circular orbits on the
ecliptic plane are assumed for the planets. The boundary conditions
correspondingto more complex cases may be found elsewhere.!! At
departure () = 0), the spacecraft leaves the Earth with zero hyper-
bolic excess velocity. The initial conditions for the state variables
arero=1,6,=0,uy,=0,and vy = 1.

The boundary conditions at the final point (subscript f) depend
on the mission that is considered. When rendezvous with a planet is
sought, theboundaryconditionsarer; =r,u, =0,andv, = 1//r,,
where r, is the radius of the planet’s orbit. The departure time can
be chosen to have the most suitable phase angle between the plan-
ets, and the final longitude 0, is, therefore, left free. The time to

reach a large assigned distance from the sun (in this paper 200 AU,
according to previous works!?) is minimized for the escape trajec-
tory. The corresponding boundary condition is ry =200 AU. The
theory of optimal control provides the additional boundary condi-
tions to complete the differential problem.'*'* One easily obtains
Ao, =0 (rendezvous) and Ag, =A,, =A,, =0 (escape). The final
time is minimized, and the transversality condition is Hy =1 for
both missions.

A spacecraft, which uses a solar sail to escape from the solar
system, moves toward the sun, where a large thrust can be obtained,
in the initial phase of the trajectory. When the characteristicacceler-
ation is large enough, the spacecraft would pass extremely close to
the sun, and it is advisable to impose a constraint on the minimum
distance; in this paper ry, = 0.25 AU has been chosen.!? The tra-
jectory is split into two arcs at the perihelion, where the constraints
T, =T, and u, =0 are enforced. By applying the theory of op-
timal control, one easily finds that the radius adjoint variable can
undergo a free jump in correspondenceto the perihelion, where the
other adjoint variables must be continuous; the jump AA, and ¢,
are two additional parameters whose values are determined by the
optimization procedure to satisfy the additional conditionsenforced
at the perihelion.

Numerical Results

The optimal trajectory is determined when the sail reflectivity n
and characteristic acceleration a, are given. The latter also deter-
mines the payload fraction k,, when the sail areal density o =m, /A
is assigned. The total mass m is in fact the sum of the payload and
the sail mass, which is proportionalto the sail area via o. Therefore,

ky=1-0A/m=1-0a./2p) (16)

The characteristicaccelerationcannotexceed the limit value 2p, /o,
which depends on the level of the sail technology and corresponds
to a mission with zero payload.

The optimization procedure suggests a quasi-circular trajectory
in the case of a planetary rendezvous mission. Figure 3 shows the
flight time of a Mars mission as a function of the characteristic
acceleration. In particular, the most interesting performance is ob-
tained when the available thrust allows the spacecraft to reach the
target after an integral number of revolutions around the sun. Af-
ter each revolution, the spacecraft orbit is circularized to avoid the
time-consuming passage through a distantaphelion where the thrust
acceleration would be low for a long time. Figure 4 shows the con-
trol law for a two-revolution trajectory with 7 =0.8. During each
revolution,eccentricity and aphelionare firstincreased, whereas the
perihelion is almost constant. The eccentricity is then reduced, and
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Fig. 3 Trip time of Mars rendezvous missions.
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Table1 Mars missions, 500 days

n a, mm/s? na., mm/s> kp(o =10 g/m?)

1 0.6055 0.6055 0.3357

0.9 0.6831 0.6148 0.2505

0.8 0.7847 0.6278 0.1389
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Fig. 4 Optimal control law for a 1080-day Mars mission, 77 = 0.8.
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Fig. 5 Optimal control laws for 500-day Mars missions.

the perihelion is increased until the orbit is circularized. The pro-
cess is reiterated in the subsequent revolution. The sail orienta-
tion angle is almost constant during this efficient maneuver, but the
control history significantly differs when a nonintegral number of
revolutions is performed. A wider range of orientation angles is
exploited at short distances from the sun, where the sail is more
effective.

A 500-day transferto Mars, which constitutesa satisfactory com-
promise to contain both flight time and sail surface, has been the
subject of a deeper analysis. The imperfect reflectivity of the sail
must be offset by a higher characteristic acceleration, that is, by a
larger sail area. Table 1 shows that the same trip time is obtained if
the product na, is almost constant, but a larger and less reflective
sail penalizesthe payload fraction. However, the sail technology that
will probably be available in the near future (o =10 g/m?) would
provide a sufficient payload. The control laws for the corresponding

missions are shown in Fig. 5. The range of the sail orientation angle
is larger when the sail reflectivity is lower.

Figure 6, which refers to a Mercury rendezvous mission, shows
the same oscillating trend of the flight time as in Fig. 3. The oscil-
lations disappear when the maneuver is completed in less than one
revolution.On the otherhand, they are smoothed when a highernum-
ber of revolutions can more easily compensate for a nonzero phase
angle between departure and arrival points. A 450-day mission is
selected in this case. Two revolutions around the sun are completed
before attaining the target because, in this case, the trajectory is
closer to the sun. Table 2 shows that a Mercury rendezvous mis-
sions requires, like the Mars mission, a characteristic acceleration
that is slightly more than proportional to the inverse of the sail re-
flectivity to obtain the same trip time as with the ideal sail. The same
level of sail technology (o = 10 g/m?) also assures an adequate pay-
load fractionin this case. Figure 7, which shows the optimal control

Table2 Mercury missions, 450 days

n a, mm/s> na., mm/s> kp(o=10 g/m?)

1 0.5398 0.5398 0.4077

0.9 0.6023 0.5421 0.3391

0.8 0.6817 0.5453 0.2520
1500 — —— :

1000

500

Time of flight ¢, (days)

200

100 -
0.2 0.5 1 2 3

Characteristic acceleration a_ (mm/sz)

Fig. 6 Trip time of Mercury rendezvous missions.
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Fig. 7 Optimal control law for a 450-day Mercury mission, 77 = 0.8.
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Table 3 Missions of 20 years to 200 AU

n a., mm/s’ na., mm/s> kp(o=3 g/m?)
1 1.7777 1.7777 0.4147
0.9 1.9385 1.7447 0.3619
0.8 2.1276 1.7021 0.2998
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Fig. 8 Trip time to reach 200 AU.
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Fig. 9 Optimal control laws to reach 200 AU.

law for this two-revolution inbound mission, exhibits symmetrical
features to the outbound mission described in Fig. 4.

An escape mission from the solar system has also been consid-
ered. Figure 8 presents the trip time to attain 200 AU, as a function
of the characteristicaccelerationand sail reflectivity. The spacecraft
tends to move close to the sun to obtain a very large thrust from the
high radiation flux. The constraint rp;, =0.25 AU is enforced and
is active on the right of the symbols in Fig. 8. The maximum ac-
ceptable time to accomplish the mission is probably 20 years, and
very high characteristic acceleration is necessary. The required a.
is, in this case, less than proportional to the inverse of the sail re-
flectivity (Table 3) because the radial component of the thrust is
useful to accelerate the spacecraft, which moves almost radially af-
ter the perihelion of the trajectory. A sail areal density o =3 g/m?,
which implies a significant improvement of the current sail tech-
nology, is sufficient to carry an adequate payload. The control laws
for different values of the sail reflectivity are shown in Fig. 9. An

Y (AU)

to 200 AU

X (AU)

G————© thrust arc
______ zero-thrust arc
_____ Earth's orbit

Fig. 10 Initial phase of the minimum-time trajectory to 200 AU, ) =
0.8.

optimal escape trajectoryis shownin Fig. 10, assumingn = 0.8. The
spacecraft initially exploits the solar radiation pressure to reach an
eccentric heliocentric orbit. The sail is then used to brake the space-
craft and lower the perihelionto the 0.25-AU limit. The surface of a
sail, which is not perfectly reflective, is oriented parallel to the solar
radiation for a short coast arc, while the spacecraft moves toward
the sun (Figs. 9 and 10).

Conclusions

An indirect optimization procedure has been used to assess the
performance of nonideal solar sails for interplanetary missions. The
paper describes the application of the theory of optimal control and
presents the analytical equation that defines the optimal orientation
of the sail. The control laws of ideal and nonideal sails are quite
similar, but real sails exhibit a wider range of orientation angles.
Moreover, a perfectly reflective sail always exploits the solar pres-
sure, whereas a partially reflective sail is feathered during particular
phases of the mission, namely, when the spacecraftis moving fast
toward the sun.

Missions toward inner and outer planets and escape trajectories
have been considered to compare the performance of ideal and non-
ideal sails. All missions can be carried out with the same trip time
as when using a unit-reflectivity sail, but a larger sail is necessary
in the nonideal case, which leads to a penalty in terms of payload.
The results of preliminary mission analyses assuming unit reflec-
tivity can be used to estimate the performance of nonideal sails be-
cause, according to empirical evidence, the necessary surface area
is practically proportional to the inverse of the sail reflectivity. Some
significant features of the optimal trajectories have also been high-
lighted. In particular, the dependence of the trip time on the sail area
is also affected by the trajectory geometry, and specific values of
the characteristic acceleration are found to be more favorable for
assigned mission and sail reflectivity.
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